We experimentally realized a new method for transmitting quantum information reliably through paired optical polarization-maintaining (PM) fibers. The physical setup extends the use of a MachZehnder interferometer, where noises are canceled through interference. This method can be viewed as an improved version of the current decohernce-free subspace (DFS) approach in fiber optics. Furthermore, the setup can be applied bidirectionally, which means that robust quantum communication can be achieved from both ends. To rigorously quantify the amount of quantum information transferred, optical fibers are analyzed with the tools developed in quantum communication theory. These results not only suggests a practical means for protecting classical and quantum information through optical fibers, but also provides a new physical platform for enriching the structure of the quantum communication theory.
One of the most well-known methods for achieving robust quantum communication is the idea of decoherencefree subspace (DFS) [1] , when quantum states are attacked by correlated errors. It has been shown that a DFS exists when transmitting quantum information down a dephasing channel with memory [2] and entangled states are used to enhance classical communication over a channel with correlated noise [3] . For opticalfiber communication, DFS have been experimentally applied to generation of entanglement pairs [4] [5] [6] [7] and direct quantum-state transfer [8, 9] . In spite of its elegance, the current DFS approach for optical communications suffers from drawbacks that make it challenging to achieve large-scale applications. First, the resources for obtaining deterministic entangled photons or achieving entangling operations are still demanding (with low efficiency) for the current quantum-optics technology [10] . Second, for direct transfer of quantum states, many optical implementations of DFS [8, 9] produce correct output states only probabilistically (i.e., post-selection), which limits the potential applicability of the methods for multiple uses. Third, existing approaches [3] [4] [5] [6] [7] [8] [9] for quantum communication through fiber optics are uni-directional (i.e. one-way communication) [11] , which limits the range of theirs applications.
Here we propose a new approach of protecting quantum information through noisy optical fibers, which can be operated in both unidirectional and bidirectional modes. Bidirectional quantum communication is important for many applications including two-way quantum key distribution [12] and realizations of quantum interactive proof systems [13] . The key feature of our method compared with the current DFS approach is that when DFS is applied to communication channels of optical fibers [3, 7, 8] , quantum information is typically encoded with a pair of entangled photons, which are successively sent through the same optical fiber (i.e., 2 photons + 1 fiber). Here we consider a more versatile implementation that protects individual photons based on the inference of their paths, i.e., a single-photon phenomenon (1 photon + 2 fibers, and n photons + 2n fibers). This difference is crucial, as efficient means for generating entangled photons on demand are currently challenging to achieve in the laboratory.
Distinct from the other related experiments [3] [4] [5] [6] [7] [8] [9] , we performed our study with the tools developed quantum communication theory. The key difference is that we focus on the amount of quantum information that can transmitted through the channels, apart from measuring the fidelity of the transmitted states. These results allow us to predict the quality of transmitted states for any input state. Furthermore, as far as we know, this is the first time in the literature where the quantum capacities of optical fibers are systematically analyzed in the laboratory, which establishes a connection between theoretical quantum communication theory and experimental quantum optics.
Experimental setup-Our experimental setup is shown in Fig. 1a . The key ingredients in our setup include a pair of optical polarization-maintaining (PM) fibers and a set of half-wave plates (HWP). The two types of setting of the HWPs allow the setup to be operated in the unidirectional (Fig. 1b) or bidirectional (Fig. 1c) mode. The efficiencies of both modes were systematically analyzed in our experiment.
The main source of errors in PM fibers come from optical birefringence [14] , where the relative-phase fluctuation (or dephasing) between the pair of polarization (hor- In the experiment, the correlation is only partial. c, The state evolution of the bi-directional information transfer of the setup.
izontal |H and vertical |V ) depend on the frequency ω of the photon. In the experiment, the PM fibers are physically bundled together in order to maximize noise correlation.
Unidirectional mode-A pictorial illustration of the unidirectional mode is shown in Fig. 1b for the idealized case [15] . The theoretical description of the evolution for a signal photon, with frequency ω, carrying one qubit of information, α|H + β|V (α and β are some unknown complex numbers and |α| 2 + |β| 2 = 1), is as follows: the photon is sent through the first polarization beam splitter (PBS), and gets decomposed into two paths, α|H |0 + β|V |1 . Here |0 (|1 ) denotes the transmitted (relfected) part. After passing through half-wave plates (HWP1 and HWP3) with angles set to be 22.5 • , the state becomes α |D |0 +β |J |1 , where
(|H − |V ). Then, these two components are directed to the PM fibers each of length 120 m. For each frequency mode, the resulting state is of the form:
L j is the fiber length, c is the vacuum light speed, and ∆n j is the difference of the refractive indexes between the polarizations. Note that there is a phase difference, ∆τ ≡ τ 1 − τ 2 , between the two paths in general. After passing through the two other HWPs (HWP2 and HWP4) with the same angles set as in the encoding stage, we apply another PBS to allow the two paths to have optical inteference. At one of the outputs, we further apply a HWP with the angle setting at 45
• , which flips between |H and |V (|H ⇔ |V ).
The resulting state becomes [15] 
In the limit where the two fibers are nearly identical, i.e., τ 1 ≈ τ 2 ≡ τ , the protocol can perfectly transmit the input signal, α|H + β|V , to either of the output ports, independent of any frequency ω. In general, partial quantum information can still be transmitted through the fibers, as long as the noise are correlated.
Bidirectional mode-The physical setting for the bidirectional mode is shown in fig. 1c . When a quantum state, α|H + β|V , is sent from the A side (from left to right), the PBS entangles the path DOF, which gives α|H |0 + β|V |1 . The polarization along the transmitted path (|0 ) is unchanged, but the half-wave plate (HWP) located at the reflected path (|1 ) flips the polarization from the vertical state to the horizontal state. The information of the input quantum state is then transferred to the path DOF, |H (α |0 + β| |1 ). After the photon passes through the pair of PM fibers, there are phase shifts τ H1,H2 (ω) induced from each path for each frequency component ω,
Then, another HWP flips the polarization back to |V , which gives the following state αe iτ H1 (ω) |H |0 + βe iτ H2 (ω) |V | |1 . Finally, the two paths cross at another PBS, which separates the path DOF, αe iτ H1 (ω) |H + βe iτ H2 (ω) |V |0 . Whenever the errors are correlated, i.e., τ H1 ≈ τ H2 ≡ τ H , the signal photon can be detected along the path |0 . The phase difference τ H1 (ω) − τ H2 (ω) causes dephasing to the output state as expected. In a similar way, quantum information can be sent from the opposite direction (from right to left, i.e., from B to A) as indicated in Fig. 1c [15] .
Quantifying quantum-information transferred-In order to quantify the amount of quantum information that can be transmitted through our setup, we analyze the data through the tools developed in quantum communication theory, instead of just measuring fidelity of output states. However, as far as we are aware of, the parameterization in this work is not widely known; therefore, we provide a concise but self-contained theoretical background below [15] .
Quantitatively, the amount of quantum information transmitted through a noisy channel can be quantified by coherent information [16] ,
where E represents the quantum operation of a noisy channel and ρ A is the initial input state, |Ψ AB is the purified state of ρ A , i.e., ρ A = Tr B (|Ψ AB Ψ|), and I is the identity operator. S [ρ] = −Tr (ρ log ρ) is the von Neumann entropy of a density matrix ρ. Here the term channel is equally applicable to either a single fiber, or the combined fibers in the experimental setup. The quantum capacity
of a single-use quantum channel is defined by the maximum coherent information that can be achieved over all possible input states ρ. More generally, quantum capacity is defined through the average coherent information transmitted through multiple uses [17] [18] [19] ; but for dephasing channels [20] , both definitions are equivalent. For any state ρ in the two-dimension space, it can always be expressed in some orthogonal basis {|ψ , |ψ ⊥ } as
where |ψ = cos θ|0 + sin θe iφ |1 and |ψ ⊥ = sin θ|0 − cos θe iφ |1 , and λ 0 + λ 1 = 1. The corresponding purified state can be written as |Ψ = √ λ 0 |ψ |0 + √ λ 1 |ψ ⊥ |1 . Therefore, the coherent information I c for any quantum channel transmitting qubits depends only on three independent parameters, namely λ 0 , θ and φ, which are employed for describing the experimental data.
In order to fully characterize the action of a channel on the input signals ρ, we experimentally performed a full quantum process tomography [21, 22] on the quantum channels. By expanding the output state E(ρ) with a complete set of basisÊ m of the Pauli operators {I, X, Y, Z}, the operation of the quantum process can be expressed as
In this representation, the 4-by-4 matrix χ completely and uniquely characterizes the physical process E. The matrix elements χ mn 's can be constructed from experimental tomographic measurements [23] of four input signals, namely {|H , |V , |D ≡
The experimental results for characterizing a single fiber is shown in fig. 2a-d . We find that, to a good approximation, the individually-applied fibers are zero-quantum-capacity channels, i.e. does not allow quantum information transfer [15] .
Main experimental results -Denote the χ-matrix for the unidirectional mode ( fig. 1b) as χ (m) . The output photon emerges in one of the exits, namely transmission and reflection port. Due to linearity,
can be determined by the contributions, χ (T ) and χ (R) , from the transmission and reflection ports respectively. Here p T = 0.498±0.004 (p R = 0.502±0.004) is the experimentally-determined probability of detecting the signal photon at the transmission (reflection) port. Fig. 2e shows the real part of the experimentally determined matrix elements of χ (m) (the imaginary part is negligible and is shown in [15] ). It closely agrees with the theoretical prediction as an identity operation (i.e., perfect state transfer E (ρ) = ρ for all ρ's); the fidelity is found to be about 94.04 ± 0.02%.
The quantum capacity Q 1 , determined by the maximal coherent information I c calculated from χ (m) , is found to be 0.636 ± 0.005, which is obtained by setting λ 0 = 0.52, θ = 39π/50 and φ = π/50. Fig. 2f shows the coherent information calculated from χ (m) as a function of λ 0 and θ, with φ = π/50. We can see that the maximum values of coherent information is achieved at around λ 0 = 0.5. The dependence of the coherent information on λ 0 is shown in fig. 2g with θ = 39π/50 and φ = π/50. The black solid line represents the theoretical prediction (i.e., the case for perfectly correlated noises). Red dots and the blue line represent the experimental coherent information calculated from χ (m) . The dashed green line and orange line represent the experimental results calculated from χ (R) and χ (T ) , respectively (the dashed green line and the blue solid line nearly overlap and only the blue solid line can be seen). The case for the single fiber is further shown in the dark yellow pane for comparison and the magnified case is shown in fig. 2c as denoted by the two dashed lines.
The fidelities of different states passing through the paired fibers are shown in fig. 2h . The blue columns represent the theoretical predictions and the red, cyan and yellow columns represent the experimental results of the mean, transmission and reflection cases, respectively. Given the high value of the quantum capacity achieved (from 10 −16 to 0.636), we conclude that the protocol of the proposed method does allow optical fibers with zeroquantum-capacity to transmit quantum information.
The experimental data for the bidirectional modes is presented in a similar way in fig. 2i -l for quantum information transmitting from left to right (A to B) in fig. 1c and from right to left (B to A) in fig. 2m -p. In particular, the fidelity of the χ matrix compare to the identity from A to B is obtained to be 94.68 ± 0.01% (χ (AB) ) and the case from B to A is equal to 95.13±0.03% (χ (BA) ), which shows the ability of the setup for transmitting quantum information bidirectionally.
Application to testing quantum non-locailty-Our setup can also be used to transmit nonlocal quantum information [24] or entangled photons [25] . We prepare different kinds of entangled states of the form |Ψ = α|HH + β|V V from two type-I beta-bariumborate (BBO) crystals [26] , where α 2 is set to be {0.1, 0.2, 0.5, 0.8, 0.9}. Our goal is to verify the nonlocality of the output state with maximal entanglement by testing the Clauser-Horne-Shimony-Holt (CHSH) inequality [27] ,
• , j = 1, 2 and c(θ 1 , θ 2 ) is the coincidence counts with the polarization angle settings θ 1 in mode A and θ 2 in mode B. results at the transmission and reflection ports, respectively. We can see that the maximal coherent information is achieved with the setting of α 2 = 0.5, which agree with the previous results. Fig. 3c and d shows the experimental results of the correlations of the transmitted and the reflected states, respectively. The angles settings are calculated from the final density matrixes to maximize the values of S (S ≤ 2 for any local realistic theory). In our experiment, we obtain the S = 2.457 ± 0.025 for fig. 3c and S = 2.492 ± 0.026 for fig. 3d . Both results violate the classical limit well above experimental errors (over about 18 standard deviations), indicating the incompatibility of local realistic theories.
In summary, this new method allows us to use a pair of PM fibers, each of which has almost zero quantum capacity, for transferring quantum information. The setup can be used to transmit quantum information bidirectionally. When applied to entanglement distribution, the ability to preserve nonlocality promises practical applications for securing long-distance quantum communications. Furthermore, our experimental setting provides a new physical platform for enriching the structure of the quantum channel theory when applied to correlated channels and the setup has potential application for protecting quantum information in large-scale photonics implementation of quantum algorithms.
We thank Y. Ouyang, J. We first consider a single PM fiber with the bases setting at the horizontal (|H ) and vertical (|V ) directions, which means that for the fiber length involved in the experiment, the horizontal and vertical polarization does not mix, i.e.,
where E represents the operation of the PM fiber. Now, consider a general single photon state initialized as
where a qubit of information is encoded into the polarization degrees of freedom (DOF) {|H , |V }. Here we assume that the initial state is decoupled from the frequency DOF |ω with the complex amplitude g(ω), which from the point of view of quantum channel theory, can be considered as part of the environment. We first consider the component of a photon state with frequency ω passing through a single PM fiber. The dephasing mechanism induce a frequency-dependent phase between the two components of the photon (a global phase is omitted) [14] ,
where
and
Here ∆n is the difference between the refractive indexes of two polarizations along the basis of the PM fiber. L is the length of the PM fiber and c is the speed of the light in vacuum. The corresponding reduced density matrix is
For a Gaussian function like frequency distribution
of the photon with the center frequency ω 0 and a width σ, the value of the off-diagonal element
of the final density matrix decays rapidly with L. When L is sufficiently long, the off-diagonal elements vanish and the coherence in the basis of the fiber is completely destroyed. In our case, the coherence length of the photon calculated by
is about 213 µm, where λ = 800 nm is the center wavelength of the photon and the width ∆λ = 3 nm is defined by the interference filter. As a result, when the length of the PM fiber reaches about L = 0.61 m, the coherence of the photon is completely destroyed, where
and ∆n = 3.5 × 10 −4 (Nufern PM780-HP).
The underlying design principle of the approach
In our experiment, we use the polarization beam splitters (PBS) to encode and decode two PM fibers with the basis setting at {|H , |V } (see fig. 1 in the main text) . The PBS behaves like a CNOT gate, with the path degrees of freedom {|0 , |1 } controlled by the polarization, where |0 and |1 represent the transmission and reflection cases. More precisely,
|V |1 → |V |0 .
Different types of setting of the half-wave plates (HWP) in the interferometer allow our setup to be operated in the unidirectional ( fig. 1b in the main text) or bidirectional ( fig. 1c in the main text) . The efficiencies of both modes are analyzed below.
Unidirectional mode-Consider a general initial photon state,
with a frequency ω. α and β are some unknown complex numbers and |α| 2 + |β| 2 = 1. After passing through the encoded PBS, the state becomes entangled with the path DOF,
where the horizontal component is transmitted (|0 ) and the vertical component is reflected (|1 ). Next, HWPs are applied to each of the path (HWP1 and HWP3), which rotate the horizontal state |H to the diagonal state |D = (|H + |V ) / √ 2, and |V to the anti-diagonal state |J = (|H − |V ) / √ 2. The state becomes
After passing through the corresponding PM fibers, the photon state becomes
Then, we apply two other HWPs (HWP2 and HWP4) with the same angles set as in the encoding stage, and get
By implementing the decoding PBS which transmits horizontal component and reflects the vertical component, the state becomes
Now, we apply a HWP with the angle setting at 45
• at reflection port in figure 1 , which flips |H and |V (|H ⇔ |V ). Consequently, the final state becomes,
The corresponding reduced density matrix of the system containing the polarization DOF has the following form:
where κ 1 and κ 2 (cf. Eq. (12)) contains the material properties of the PM fibers. When we sum over all frequencies in a boardband distribution f (ω), the coherence factor decays as
We therefore see that when
the output state is a pure state for any frequency, and is identical with the input state, i.e., perfect state transfer. In the idealized case where the two channels are perfectly correlated, we can write Eq. (28) as
which shows that the initial state reliably transmitted in either of the output.
Bidirectional mode-The physical setting for the bidirectional mode is shown in fig. 1c in the main text. In such case, the angles of HWP1 and HWP2 are set to be 0
• , and HWP3 and HWP4 are set to be 45
• . When the quantum state, |φ in , is sent from the A side to B side (from left to right), the PBS entangles the path DOF, and the state becomes
The horizontal polarization along the transmitted path (|0 ) is unchanged, but the vertical polarization at the reflected path (|1 ) flips to the horizontal state. The information of the input quantum state is then transferred to the path DOF,
After the photon passes through the pair of PM fibers, there are phase shifts τ H1,H2 (ω) induced from each path for each frequency component ω,
Then, HWP4 at the reflected path flips the polarization back to |V , which gives the following state,
Finally, the two paths cross at the decoding PBS, which separates the path DOF,
The corresponding reduced density matrix of the polarization state has the following form:
with ∆τ H = τ H1 − τ H2 . Whenever the errors are correlated, i.e., τ H1 ≈ τ H2 ≡ τ H , the signal photon with the state identical to the initial one can be detected along the path |0 . The phase difference ∆τ H causes dephasing to the output state as expected. In a similar way, quantum information can be sent from the B side to A side (from right to left) as indicated in fig.  1c . The decoded (encoded) PBS for the case of A to B is now treated as the encoded (decoded) PBS. Consider another general initial photon state |ψ in = γ|H + δ|V (γ and δ are some unknown complex numbers and |γ| 2 + |δ| 2 = 1). After passing the encoded PBS, the state becomes
HWP4 located at the transmitted path (|0 ) change |H to −|V , and HWP2 at the reflected path (|1 ) changes |V to −|V . The information of the input quantum state is transferred to the path DOF,
After the photon passes through the pair of PM fibers, there are phase shifts τ V 1,V 2 (ω) induced from each path for each frequency component ω,
Then, HWP3 at the transmitted path changes −|V to |H and HWP1 at the reflected path change −|V to |V , which gives the following state,
Finally, by implementing the decoding PBS which transmits horizontal component and reflects the vertical component, the state becomes,
The corresponding reduced density matrix of the system has the following form:
with ∆τ V = τ V 1 − τ V 2 . Whenever the errors are correlated, i.e., τ V 1 ≈ τ V 2 ≡ τ , the signal photon with the state identical to the initial one can be detected along the path |0 . The phase difference ∆τ V causes dephasing to the output state as expected.
Coherent Information
